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Abstract. Let A be a cardinal with A = A N ° and p be either or a prime 
number. We show that there are fields Ko and K\ of cardinality A and charac- 
teristic p such that the automorphism group of Ko is a free group of cardinality 
2 A and the automorphism group of K± is a free abclian group of cardinality 
2 A . This partially answers a question from [8] and complements results from 
|15| , |16| and |17| . The methods developed in the proof of the above statement 
also allow us to show that the above cardinal arithmetic assumption is consis- 
tently not necessary for the existence of such fields and that the existence of a 
cardinal A of uncountable cofinality with the property that there is no field of 
cardinality A whose automorphism group is a free group of cardinality greater 
than A implies the existence of large cardinals in certain inner models of set 
theory. 



1. Introduction 

The work of this paper is motivated by questions of the following type: given an 
abstract group G and an infinite cardinal X, is G isomorphic to the automorphism 
group of a field of cardinality X ? We start by presenting some known results related 
to this kind of problem. 

If K is an infinite field of cardinality A, then the group Aut(K) consisting of all 
automorphisms of K can be embedded into the group Sym(K) of all permutations 
of A and therefore has cardinality at most 2 A . It is well known (see [4], [9] and 
Section [2] of this paper) that, given an infinite cardinal A, a first-order language 
C of cardinality at most A and an £-model M. of cardinality at most A, there is 
a field K of arbitrary characteristic and cardinality A whose automorphism group 
is isomorphic to Aut(A4). Given an infinite group G of cardinality A, it is easy to 
construct a first-order language C of cardinality A and an £-model M. of cardinality 
A such that the groups G and Aut(.M) are isomorphic. In particular, every infinite 
group is isomorphic to the automorphism group of a field of the same cardinality. 
In contrast, for every infinite cardinal A there are groups of cardinality A + that are 
not isomorphic to automorphism groups of fields of cardinality A. For example, De 
Bruijn showed in [3l Theorem 5.1] that the group Fin(A + ) consisting of all finite 
permutations of A + cannot be embedded into the group Sym(A). 

In this paper, we focus on free groups and the following instances of the above 
problem. 
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Question 1.1. Is there a field K whose automorphism group is a free group of 
cardinality greater than the cardinality of K ? 

More specifically, given an infinite cardinal X, is there a field of cardinality X 
whose automorphism group is a free group of cardinality greater than X ? 

The above question was first asked by David Evans for the case A = Ho- The 
results of [8] motivate its generalizations to uncountable cardinalities. 

The following results due to the second author show that the second part of 
Question II. II has a negative answer for A = Ko and singular strong limit cardinals 
of countable cofinality. 

Theorem 1.2 ( [151 Theorem 1]). Let C be a countable first-order language and M. 
be a countable C-model. Then Aut(.M) is not an uncountable free group. 

Theorem 1.3 ( [151 Remark 5.2]). Let (A„ | n < w) be a sequence of infinite car- 
dinals with 2 A " < 2 A,i+1 for all n < lj. A = ^ n<w and A* = J2 n <uj 2 A " ■ V £ is 
a first-order language of cardinality X and M. is an C-model of cardinality X such 
that Aut(A^) has cardinality greater than fi, then Aut(.M) is not a free group. 

In contrast, Just, Thomas and the second author showed in [5J Theorem 1.14] 
that, given a regular uncountable cardinal A with A = A <A and v > A, there is 
a cofinality preserving forcing extension of the ground model that adds no new 
sequences of ordinals of length less than A and contains a field of cardinality A 
whose automorphism group is a free group of cardinality v. In particular, it is 
consistent with the axioms of ZFC that the above question has a positive answer. 

The following main result of this paper shows that the axioms of ZFC already 
imply a positive answer to the above question for large class of cardinals of un- 
countable cofinality. 

Theorem 1.4. Let X be a cardinal with X = A N ° and p be either or a prime 
number. Then there is a field K of characteristic p and cardinality X whose auto- 
morphism group is a free group of cardinality 2 A . 

Since the axioms of ZFC prove the existence of a cardinal A with A = A N ° , this 
results answers the first part of Question 1 1 . 1 1 positively. Moreover, a combination 
of the above results allows us to completely answer the second part of the ques- 
tion under certain cardinal arithmetic assumptions. The following corollary is an 
example of such an application. 

Corollary 1.5. Assume that the Continuum Hypothesis and the Singular Cardinal 
Hypothesis hold. Then the following statements are equivalent for every infinite 
cardinal X. 

(i) There is a field of cardinality X whose automorphism group is a free group 

of cardinality greater than X. 
(ii) There is a cardinal k < X with 2 K > A and cof(/«) > u>. 

We outline the proof of Theorem 1 1.41 In Section^ we will show that it suffices to 
construct an inverse system groups satisfying certain cardinality assumptions whose 
inverse limit is a free group of large cardinality. We will construct such systems 
of groups assuming the existence of certain inverse systems of sets in Section [5] 
Finally, we will use the assumption A = A N ° to construct suitable inverse systems 
of sets in Section [U 
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The methods developed in the proof of the above result also allow us to pro- 
duce uncountable fields whose automorphism group is a free abelian group of large 
cardinality. 

Theorem 1.6. Let X be a cardinal with A = A N ° and p be either or a prime 
number. Then there is a field K of characteristic p and cardinality A whose auto- 
morphism group is a free abelian group of cardinality 2 X . 

Again, this drastically contrasts the countable setting as the following result due 
to Slawomir Solecki shows. 

Theorem 1.7 ( [171 Remark 1.6]). Let C be a countable first-order language and 
M be an C-model. Then Aut(A^) is not an uncountable free abelian group. 

In another direction, the methods developed in the proofs of the above results also 
allow us to show that the cardinal arithmetic assumption A = A^° is consistently 
not necessary for the existence of a field of cardinality A whose automorphism group 
is a free group of cardinality greater than A. This is an implication of the following 
result. Given a cardinal A, we use Add(w, A) to denote the forcing that adds A-many 
Cohen reals to the ground model. 

Theorem 1.8. Let X be a cardinal with X = A and p be either or a prime 
number. If G is Add(w, n)-generic over the ground model V for some cardinal n, 
then there is a field K of characteristic p and cardinality X contained in V[G] whose 
automorphism group is a free group of cardinality greater than or equal to (2 A ) V in 
V[G]. 

The above results raise the question whether the existence of a cardinal A of 
uncountable cofinality with the property that there is no field of cardinality A 
whose automorphism group is a free group of cardinality greater than A is even 
consistent with the axioms of ZFC. Another byproduct of our constructions is the 
observation that the existence of such a cardinal has consistency strength strictly 
greater than that of ZFC. This observation is a consequence of the next result. 

Remember that a partial order T = (T, <t) is a tree if T has a unique minimal 
element and the set preci{t) = {s £ T \ s <t t, s ^ t} is a well-ordered by <t for 
every teT. Given such a tree T and t £ T, we define rnk T (£) to be the order- type 
of (prec r (t), < T ). We call the ordinal ht(T) = lub {rnk T (t) | t £ T} the height of T. 
Finally, a subset B of T is a cofinal branch through T if B is <T-downwards closed 
and B is well-ordered by <t with order-type ht(T). 

Theorem 1.9. Let X be a cardinal of uncountable cofinality. If there is a tree of 
cardinality and height X with more than X-many cofinal branches, then there is a 
field of cardinality X whose automorphism group is a free group of cardinality bigger 
than X. 

By considering the tree (( <A 2) M , C) for some inner model M, this result directly 
implies the following corollary. 

Corollary 1.10. Let X be a cardinal of uncountable cofinality and M be an inner 
model ZFC with (A + ) M = A + . If X = (A <A ) M , then there is a field of cardinality X 
whose automorphism group is a free group of cardinality bigger than X. □ 

This statement directly allows us to derive large cardinal strength from the non- 
existence of certain fields. 
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Corollary 1.11. Let X be a regular uncountable cardinal such that there is no field 
of cardinality X whose automorphism group is a free group of cardinality greater 
than X. Then X + is an inaccessible cardinal in L[x] for every iG. 

Proof. Assume, towards a contradiction, that A + is not an inaccessible cardinal in 
L[x] for some iU. Then there is a y C A with A+ = (X+) L ^ and (( <K 2) L ^ , C) 
is a tree of cardinality and height A, because our assumptions imply (A <A ) L ^ = A. 
But the set of cofinal branches through this tree has cardinality at least (2 A ) L ™ = 
(A+) LH = A+, a contradiction. □ 

Note that Mitchell used an inaccessible cardinal to constructed a model of ZFC in 
which every tree of cardinality and height u}\ has at most Ki-many cofinal branches 
(see [2j Section 8] and pH]). This statement is also a consequence of the Proper 
Forcing Axiom (see Theorem 7.10]). 

In the case of singular cardinals of uncountable cofinality, it is possible to use 
core model theory (see, for example, 12J) to obtain inner models containing much 
larger large cardinals from the above assumption. 

Corollary 1.12. Let X be a singular cardinal of uncountable cofinality such that 
there is no field of cardinality X whose automorphism group is a free group of car- 
dinality greater than X. Then there is an inner model with a Woodin cardinal. 

Proof. Assume, towards a contradiction, that there is no inner model with a Woodin 
cardinal. Then we can construct the core model K below one Woodin cardinal. 
It satisfies the Generalized Continuum Hypothesis and has the covering property. 
In particular, we have A + = (A + ) K . But this means that {( <A 2) K ,C) is a tree 
of cardinality and height A and the set of cofinal branches through this tree has 
cardinality at least (2 A ) K = (A + ) K = A + , a contradiction. □ 

The results of P3J Section 2] show that the non-existence of such trees at a sin- 
gular cardinal of uncountable cofinality is equivalent to a PCF-theoretic statement 
that is not known to be consistent. Related questions can also be found in |13[ 
Chapter II, Section 6]. 

2. Representing inverse limits as automorphism groups 

In this section, we start from an inverse system of groups I to construct a first- 
order language £ and an £- model M. such that Aut(M) is an inverse limit of I and 
the cardinalities of £ and M. only depend on the cardinalities of the groups in I and 
the cardinality of the underlying directed set. We start by recalling some standard 
definitions and presenting the relevant examples. 

We call a pair D = (D, < D ) a directed set if <d is a reflexive, transitive binary 
relation on the set D with the property that for all p,q € D there is a r £ D with 
P,q <d r. 

Given a directed set D = (D, <o), we call a pair 

I = ((A p \ p£D), (f M | p, q £ D, p < D q}} 

an inverse system of sets over D if the following statements hold for all p,q,r £ D 
with p <o q < r. 

(i) A p is a non-empty set and f p>q : A q — > A p is a function. 

(ii) f P ,p = idA p and f PA o f QiT = f p>r . 
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Given such an inverse system I, we call the set 

Aj = {(a p ) peD | fp, q {a q ) = a p for all p,q G D with p < D q} 
the inverse limit of I. 

Example 2.1. Let A be an infinite cardinal and let [A] N ° denote the set of all 
countable subsets of A. Given u, v G [A] N ° with u C v, set A u = u 2 and define 
fu,v ■ A v — > A u by f u ,v(s) = s \ u for all s G "2. Let 

h = ((An I u G [A]* ), </„,„ I «,« G [A]* , u C «)) 

denote the resulting inverse system of sets over the directed set ([A] H °, C). 
Then it is easy to see that 

b : A 2 — > A Ix ; x\ — > (x \ tt) ue[A] « 

is a well-defined bijection between the sets A 2 and Aj x . 

Example 2.2. Let T = (T, <t) be a tree. Given a < ht(T), we let T(a) denote 
the set of allt G T with mkf(t) = a. If t G T and a < mkj(t), then we let t \ a 
denote the unique element s G {t} UpreCf(t) with rnkT(s) = a. 
Given a < (3 < ht(T), set A a = T(a) and 

fa,0 ■ A fi > A a, t< >t\a. 

We let 

It = {{A a | a < ht(T)>, (/ Q ,^ | a < [3 < ht(T)» 

denote the resulting inverse system of sets over the directed set (ht(T), <). 
It is easy to see that the induced map 

b : Aj T — > [T]; (a Q ) Q<A i — > {a a \ a < A} 

is a bijection between the inverse limit Aj T and the set [T] consisting of all cofinal 
branches through T. 

We now consider inverse limits in the category of groups. Given a directed set 
D = (D, <d), a pair 

I = {{G p | p G D), {h p ^ q | p, q G D, p < D q)) 

is an inverse system of groups over D if the following statements hold. 

(i) G p is a group with underlying set X p for all p G D. 

(ii) If p, q G D with p <d q, then : G g — > G p is a homomorphism of 
groups. 

(iii) The pair 

((Xp | p G D), (h p , q \ p,q e D, p< q)) 

is an inverse system of sets. 
Given such a system I, we call the subgroup 

Gi = {(g P )peD S JJ G p I h Pi q(g q ) = g p for allp,q G £> wtft p <d (?} 
of the direct product of the G p 's the inverse limit of I. 
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Example 2.3. Let D = (D, <jj) be a directed set and 

I = ((A p \ pED), (f p>q | p, q e D, p < D q}} 

be an inverse system of sets over D. For each p *E D, let G p be the free group with 
generators {x pa | a £ A p }. Given p,q £ D with p <d q, we let h p>q : G 9 — >■ G p 
denote the unique homomorphism of groups with hp tq (x q>a ) = x pj vq (a) f° r all 
sei,. Let 

V = ((G p \ pe D), (h p>q \p,q€ D, p< q}} 
denote the resulting inverse system of groups over IB). 

It is an obvious question whether the corresponding inverse limit Gi is itself 
a free group. In Section [3] we will present conditions that imply this statement. 
These implications will allow us to prove Theorem II .41 

Example 2.4. Pick D and I as in Example 12.31 For each p £ D, let H p be the free 
abelian group with basis {x p ^ a \ a G A p }. Define h p ^ q : H q — > H p for all p, q G D 
with p <e 9 as above and let 

lah = ((H p \ pe D), (h Ptq \p,q€ D, p < D q)) 

denote the resulting inverse system of groups over D. Since every H p is an abelian 
group, the group Gi ab is also abelian. 

This section focuses on the proof of the following result. 

Theorem 2.5. Let I = ((G q \ q G D), (h q>r | q,r G D, q <d r)) be an inverse 
system of groups over a directed set D = (D, <d) and p be either or a prime 
number. Then there is a field K of characteristic p with the following properties. 

(i) The groups Aut(-fT) and G\ are isomorphic, 
(ii) \K\ <max{Ko,£ ge DlG 9 |}. 

In the remainder of this section, we fix D and I as in the statement of the theorem. 
We define A to be the cardinal max{K , X^gn \GqW- 

The following results show that it suffices to find a first-order language Cj of 
cardinality A and an £i-model A4j of cardinality A such that the groups Aut(A^i) 
and G\ are isomorphic. 

Proposition 2.6. Let A be an infinite cardinal and C be a first order language of 
cardinality at most A. If M is an C-model of cardinality at most A, then there is a 
connected graph T = (X, E) such that \X\ = A and the groups Aut(A^) and Aut(r) 
are isomorphic. 

Proof. The above statement can be derived from the results of Section 5.5] and 
[91 Section 3]. □ 

Theorem 2.7 ([3] and [HI Main Theorem B]). Let T = (X, E) be a connected graph 
and p be either or a prime number. Then there is a field K of characteristic p 
with the following properties. 

(i) The groups Aut(r) and Aut (K ) are isomorphic. 

(ii) \K\ < max{H , |A|}. 

We are now ready to construct Cj and A4j with the properties stated above. 
Define C\ to be first-order language with the following symbols. 

• Constant symbols c ffj9 for all q G D and g G G q . 
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• Unary relation symbols P q for all g E D. 

• Binary relation symbols H q>r for all g, r E D with q <d r. 

• Ternary relations symbols F q for all q G Z). 

Let A^i denote the unique £j-model with the following properties. 

• The domain of A4j is the set 

Mi = {(g, q,i) \qeD, g G G q , i<2}. 

• c^ q l = (g, q, 1) for all q G D and g E G q . 

• P^ 1 = {(g, 9, 0) I g G GJ for all q E D. 

• = {((9>f,0),{VW.«.D» I -9 G G,.} for all 5 ,refl with g < D r. 

• ^ = {((.9,9,0), (h,q,l), (g-h,q,0)) \ g,h&G q } for aU q G £>. 

Proposition 2.8. If a E Aut(A^i), q E D and g G G 9 , i/ien (r((g,q,l)) = (g,q,l) 
and a \ P^ : P^ — ► P^\ □ 

Proposition 2.9. If a € Aut(A^i) and q G -D, i/ien i/iere is a unique c a , q G G (/ 
im'tt cr((.g,g, 0)) = (c^g • .9,9,0) /or a// g G G g . 

Proof. By Proposition 12. 81 there is a unique cv i9 G G g such that ct((1g, , 9, 0)) = 
(c ff , g ,g,0). Given g G G 9 , we have F^'^c^g, q, 0), (.9, 9, 1), cr((.g, 9, 0)))) and this 
implies cr((g, 9, 0)) = (c aiq -g,q,0). □ 

Proposition 2.10. If a £ Aut(TWi) and q,r E D with q <d ^ ? #ien h q:r {c a:r ) — 
c at q. In particular, the sequence (c CTi q) gE xj is an element of Gj for every a E 
Aut(A4i). 

Proof. The definition of Mi yields Hffi((l Gr ,r,0), (l Gg ,q,0)). We can conclude 
^^ I (( c <r,r,?', 0), (Co.,,,9, 0)) and h q ^ r (c a , r ) = c a<q . □ 

Lemma 2.11. TTie map 

$ : Aut(JWi) — >Gf, 0-1 — > (c^Jpez, 
is an isomorphism of groups. 

Proof. Given o~q,o~x G Aut(A / fi) and q E D, we have 

(<7i ocr )((]l Gij ,g,0)) = cri(((v , 9 ,g,0}) = (c auq -c aOiq ,q,0) 

and therefore c^oo-cg = c <y\,q ' c <Ja.q- This shows that $ is a homomorphism. 
Given g = (g q ) q€ u G Gi, we define : Mj — > Mj by the following clauses. 

(i) o- g ({g, 9, 0)) = (g q ■ g, 9, 0) for all 9 G D and g E G q . 

(ii) ^((5,9, 1)) = (.9,9, 1) for all q E D and g E G q . 

Then E Aut(_Mi) and c^.g = g q for all q E D. This shows that $ is surjective. 



Since Propositions 12.81 and 12.91 imply that $ is also injective, this concludes the 
proof of the lemma. □ 



Proof of Theorem \2.5\ By our assumptions, both Cj and M.j have cardinality at 
most A. By the results mentioned above, there is a field K of characteristic p 
and cardinality A such that the groups Aut(A^i) and Aut(AT) are isomorphic. By 
Lemma 12.111 this completes the proof of the theorem. □ 
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3. Representing free groups as inverse limits 

This sections shows how free groups can be represented as inverse limits of sys- 
tems of groups assuming the existence of certain suitable inverse systems of sets. In 
the following, we prove statements from assumptions much weaker than the ones 
present in Theorem II .41 to motivate possible strengthenings of this result. 

Let D = (.D, <d) be a directed set. We define an infinite game (7(D) of perfect 
information between Player I and Player II: in the i-th round of this game Player 

I chooses an element pn from D and then Player II chooses an element P21+1 from 
D. Player I wins a run (f>j)i< w of (7(D) if and only if either there is an i < u with 
P2i P2t+i or P2i+i <d P2i+2 holds for all i < oj and there isapeD with p t < D p 
for all i A winning strategy for Player II is a function s : <w D — > D with 
the property that Player II wins every run (pi)i< w that is played according to s, in 
the sense that s({pa, . . . ,P2i)) = P2i+i holds for alH < w. 

Theorem 3.1. Let D = (D, <d) be a directed set with the property that Player 

II has no winning strategy in Q (D) . If I is an inverse system of sets over D with 
A\^%, then the inverse limit G\ is a free group of cardinality max{Ko, |j4i|}- 

Proof. Let I = ({A p | p G D), (f PtQ \ p, q G D, p < B q)). If g = {g P ) P eD 6 G tgT and 
p G D, then we let 

• n(g,p) < uj, 

• k(g,PA), ■■■ ,k(9,P,n(g,p)) 6 Z\{0}, 

• a(g,p,l), ... ,a(g,p,n(g,p)) G A p 

denote the uniquely determined objects with the property that the word 

k(9,pA) k{g,pMS,p)) 

9,P p,a(g",p,l) ' ' ' p,a(g,p,n(g,p)) 

is the unique reduced word representing g p , i.e. Wg- tP represents g p and 

a(g,P,i) ^ a(g,p,i+ 1) 
for all 1 < i < n{g,p) (see QU 2.1.2]). 

Claim 1. If g — (g P )p<ED G G% and p,q G D with p <d q, then n{g,p) < n{g, q). 
Proof of the Claim. Since h p ^ q (g q ) = g p , we know that the word 

pJp, q(a(g,qA)) ' ' ' pJ P ,q( a {3,q,n(g,q))) <■ > 

also represents g p . Hence wg^ p can be obtained from w by a finite number of 
reductions. This implies n{g,p) < n(g,q). □ 

Claim 2. If g G G% , then there are pg G D and < ui such that = n(g,p) 
for all p G D with p^ <d p. 

Proof of the Claim. Let g = {g P ) P ^D and assume, toward a contradiction, that for 
every p G D there is a q G D with p <n q and n(g,p) < n(g,q). Then there 
is a function s : <u) D — > D such that p 2 i <d s ((po> ■ ■ ■ ,P2i)) and n(g,p 2 i) < 
n{g, s((po, . . . ,P2i))) for all i < tu and po, . . . ,p 2 i G D. By our assumption, s is not 
a winning strategy for Player II and there is a run (pi)i <ul of (7(D) played according 
to s that is won by Player I. This gives us a p G D with pi <d p for all i < u>. By 
Claim [T] we have n(g,p) > i for all z < lj, a contradiction. □ 



*A similar game can be used to characterize the cr-distributivity of Boolean algebras. See [6]. 
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Claim 3. If g = (g P ) P eD G Gj gr andp,q E D with ps <d p <d q, then a(g,p,i) = 
f P , q (a(g,q,i)) and k(g,p,i) = k(g,q,i) for all 1 <i < ng. 

Proof of the Claim. Let w be the word defined in ([T]). Then w is reduced, because 
otherwise there would be a reduced word Xp° ai ■ ■ ■ Xp'af with I < n(g, q) — n{g,p) 
representing g p and this would contradict the choice of Wg iP . We can conclude 
w = wg tP and, again by the uniqueness of wg, P , this yields the statements of the 
claim. □ 

Given a = (a p ) p ^u 6 A%, we define 

9a = {Xp,a p )p£D G Y\_ Gp- 
p&D 

It is easy to see that gs is an element of Gi ■ 

Claim 4. The group Gi gr is generated by the set {gs \ a G A\}. 

Proof of the Claim. Let g — (g P ) P eD G G\ . Set n — ng and ki = k(g,ps, i) for all 
1 < i < n. For each p E D, we fix an element p of D with p,j?^ <o P- Given p E D 
and 1 < i < n, define a§, p ,i — f PtP (a(g,p, i)) E A p . 

Let p, q E D with p <e q. Fix anrefl with p, q <d r. By Claim [3l we have 
i) = fp,r{a{g, r, i)) and a(g, q, i) = fq, r {a{g, r, i)). This implies 

fp,g( a g,q-i) = fp,q(fq;q( a (9,q,i))) = f P .r(a(g,r,i)) = f PtP (a(g,p,i)) = ag, Pti 
and we can conclude 

%,i = (o-g,p,i)peD G Aj. 

By the above computations, we know that 

<?p = hp.p(gp) — h PfP (x^ a( ^ p rj ■ . . . ■ £p™ a (g-^ n )) = ^a ? , Pil ' ■ ■ ■ ' x p"a SiP}n 

holds for all p G D and this shows 

□ 

Claim 5. TTie group Gi gr is freely generated by the set {gs \ a E A\\. 

Proof of the Claim. Assume, toward a contradiction, that we can find 1 < n < uj, 
oi, . . . , a n G Aj and k\ , . . . , k n E Z \ {0} with 

k-i -* k„ -]i 

9* x ' ■■■ ' 9s n = fl G Igr 
and aj 7^ a,+i for all 1 < i < n. Let a, = (a p .i) p e_D. Then there arepi, . . . ,p n _i G I? 
with a pi ; ^ a Pi! j+i for all 1 < i < n and we can find ap E D withpi, . . . ,p n -i <d P- 
This means a P) j ^ <%>,i+i, because otherwise 

ap i .i — hp i .p(ap : i^ — hp i ^p{(ip^i-\-\) — &pi,i-\-i- 

By our assumption, the word w = Xp 1 ai • . . . • x p " ari is equivalent to the trivial word. 
But this yields a contradiction, because w is reduced and not trivial. □ 

This completes the proof of the theorem. □ 

A small modification of the above proof yields the corresponding result for free 
abelian group. As usual, we let [A] <N ° denote the set of all finite subsets of a given 
set A. 
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Theorem 3.2. Let D = (D, <o) be a directed set with the property that Player II 
has no winning strategy in £/(!)>). Ifl is an inverse system of sets ewer O with A% =/= 0, 
then the inverse limit Gj ab is a free abelian group of cardinality max{Ko, 

Proof. Let I = {{A p | p £ D), (f Pl g \p,q£ D, p < D £?)). If 9 = (g P ) P eD £ Gj ab , then 
we let 

. (k(g,p, a) £Z\{0} \aelfo) 
denote the uniquely determined objects such that 

holds for all p £ D. The following claims can be derived in the same way as the 
corresponding claims in the proof of Theorem 13.11 

Claim 1. If g — {g v ) v <=D £ Gi ah andp,q £ D with p <d q, then \Ig. p \ < \Ig, q \- D 

Claim 2. If g £ G\ ab , then there are pg £ D and < u), such that = \Ig iP \ for 
all p £ D with p^ <o p. □ 

Claim 3. If g = {g p ) pe D £ Gi Qb and p,q £ D with p s < D p < D q, then f p>q \ I s>q 
is a bijection of Ig q and Ig iP and k(g,q,a) — k(g,p, f P ,q(o,)) for all a £ Ig iq . □ 

Given a = {a p ) p& o £ Aj, we define 

9s = (x P ,a p ) P eD £ : \ G p . 

p&D 

It is easy to see that gg is an element of the inverse limit Gj ab . As in the proof of 
Theorem 13. 11 we can use the above claims to show that Gi ab is a free abelian group 
with basis {gs a £ Ax}. □ 



4. Good inverse systems of sets 

In this section, we complete the proofs of the results listed in Section [1] by 
construction suitable inverse systems of sets from the assumptions appearing in 
the statements of those results. The next definition precises the notion of suitable 
inverse system. 

Definition 4.1. Let A and v be infinite cardinals. We say that an inverse system 
I = ((A p | p £ D), (f Piq | p,q £ D 7 p <o q)) of sets over a directed set D = (D, <o) 
is (A, ^)-good if the following statements hold. 

(i) Player II has no winning strategy in G(U>). 

(ii) \D\ < A and \A P \ < A for all p £ D. 

(iii) | Ai| =v. 

The following proposition summarizes the results of the previous sections. 

Proposition 4.2. Ifl is a (X^^-good inverse system of sets and p is either or a 
prime number, then there are fields Kq> and K\ of characteristic p and cardinality 
A with the property that Aut(-Ko) is a free group of cardinality v and Aut(i^i) is a 
free abelian group of cardinality v. 
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Proof. Our assumptions imply that Aj ^ and all groups appearing in the corre- 
sponding inverse systems of groups I gr and I a 6 have cardinality at most A. We can 
now apply Theorem [531 to find fields Kq and K\ of characteristic p and cardinality 
A such that the group Aut(-Ko) is isomorphic to the inverse limit G% and the group 
Aut(ifi) is isomorphic to the inverse limit G\ ab . By our assumptions, Theorem l3.ll 
implies that G% is a free group of cardinality v and Theorem 13 . 21 implies that G\ ab 
is a free abelian group of cardinality v. □ 

In order to prove Theorem 11.41 we now construct (A, 2 A )-good inverse system 
from the assumption A = A N ° . 

Proposition 4.3. Let D = {D, <d) be a directed set with the property that for 
every P 6 [D]^° there is a q E D with p <o q for all p G P . Then Player I has a 
winning strategy in Q{H) and hence Player II has no winning strategy in Q{W). □ 

Lemma 4.4. If X is a cardinal with A = A N °, then I\ is a (X,2 x )-good inverse 
system of sets. 

Proof. By Proposition 14.31 Player II has no winning strategy in ([A] N °,C). It is 
shown in Example 12.11 that the direct limit Af x has cardinality 2 A . The other 
cardinality requirements follow directly from the assumption A = A N ° . □ 

The statements of Theorem 11.41 and Theorem 11.61 now follow directly from the 
combination of Proposition l4~2l and Lemma l4~4l Next, we show that Corollary 1 1.51 
is a direct consequence of Theorem 11.41 and the results presented in the first two 
sections. 

Proof of Corollary \1.5\ If A is an infinite cardinal with cof(A) > oj, then our as- 
sumptions and [Q Theorem 5.22] imply A = A^° and we can apply Theorem ll.4l to 
find a field of cardinality A with the desired properties. 

Next, if A = Ho or A is a singular strong limit cardinal of countable cofinality, 
then Theorem 11.21 and Theorem 11.31 imply that the automorphism group of a field 
of cardinality A either has cardinality at most A or is not a free group. 

Finally, let A be a singular cardinal and k < A be an uncountable regular cardinal 
with 2 K > A. By the above arguments, we can apply Theorem [L4] to find a field K 
of cardinality k whose automorphism group is a free group of cardinality 2 K . Then 
we can construct a first-order language C of cardinality A and an £-modcl M. whose 
automorphism group is isomorphic to Aut(X). By the results presented Section [51 
this allows us to produce a field of cardinality A with the desired properties. □ 

The following proposition will allow us to prove Theorem 11.81 

Proposition 4.5. Let M be an inner model of ZFC with the property that every 
countable set of ordinals in V is contained in a set that is an element of M and 
countable in M. If X is a cardinal with X — (A^°) M ; then there is a {X : v)-good 
inverse system for some cardinal v with (2 A ) M < v < 2 X . 

Proof. Set D = ([A] N °) M and D = (D, C). Given a sequence (ti„ € D \ n <u>), our 
assumption implies that there is a u € D with U n<w u n C u and Proposition 14.31 
shows that Player II has no winning strategy in £/(B). Let I = I^f and v be the 
cardinality of A\. Then every element of ( A 2) M gives rise to a distinct element of 
A\ and v is an infinite cardinal greater than or equal to (2 A ) M . We can conclude 
that I is (A, z^)-good. □ 
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Since partial orders of the form Addfw, k) satisfy the countable chain condition 
and therefore every countable set of ordinals in an Addfw, K)-generic extension of 
the ground model is covered by a set countable set of ordinals from the ground 
model, we can directly derive the statement of Theorem 11.81 from Proposition 14.21 
and Proposition 14.51 

Lemma 4.6. Let X be a cardinal of uncountable cofinality and T be a tree of car- 
dinality and height X with the property that the set [T] of cofinal branches through 
T has infinite cardinality v. Then It is a (X,v)-good inverse system of sets. 

Proof. By Proposition 14. 31 the assumption cof(A) > u implies that Player II has 
no winning strategy in G((X,<)). The computations in Example 12.21 show that 
the inverse limit Ai T also has cardinality v. Since the cardinality requirements of 
Dchnit ion 14.11 are obviously satisfied, this completes the proof of the lemma. □ 

The statement of Theorem 11.91 now follows directly from Proposition 14.21 and 
Lemma 14.61 

5. Some questions 

We close this paper with questions raised by the above results. 

Question 5.1. Is it consistent with the axioms of ZFC that there is a cardinal A 
of uncountable cofinality with the property that no free group of cardinality 2 A is 
isomorphic to the automorphism group of a field of cardinality A ? 

Question 5.2. Is it consistent with the axioms of ZFC that there is a cardinal A 
of uncountable cofinality with the property that no free group of cardinality greater 
than A is isomorphic to the automorphism group of a field of cardinality A ? 

Question 5.3. Is it consistent with the axioms of ZFC that there is a singular car- 
dinal A of uncountable cofinality with the property that there is no tree of cardinality 
and height A with more than A many cofinal branches? 
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